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Abstract
We present a new class of black hole solutions in third-order Lovelock gravity whose horizons
are Einstein space with two supplementary conditions on their Weyl tensors. These solutions are
obtained with the advantage of higher curvature terms appearing in Lovelock gravity. We find that
while the solution of third-order Lovelock gravity with constant-curvature horizon in the absence
of a mass parameter is the anti de Sitter (AdS) metric, this kind of solution with nonconstant-
curvature horizon is only asymptotically AdS and may have horizon. We also find that one may
have an extreme black hole with non-constant curvature horizon whose Ricci scalar is zero or a
positive constant, while there is no such black hole with constant-curvature horizon. Furthermore,
the thermodynamics of the black holes in the two cases of constant- and nonconstant-curvature
horizons are different drastically. Specially, we consider the thermodynamics of black holes with
vanishing Ricci scalar and find that in contrast to the case of black holes of Lovelock gravity with
constant-curvature horizon, the area law of entropy is not satisfied. Finally, we investigate the
stability of these black holes both locally and globally and find that while the black holes with
constant curvature horizons are stable both locally and globally, those with nonconstant-curvature
horizons have unstable phases.
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I. INTRODUCTION
Higher-order curvature theories of gravity have gained a lot of attention. Not surpris-
ingly, the mere extension of general relativity in higher dimensions can immediately lead to
a wide variety of alternative theories of gravity whose actions contain higher-order curvature
terms. The inclusion of higher curvature terms in the gravitational action increases further
the diversity of the models available and gives rise to a rich phenomenology, which is actively
investigated these days. Amongst the higher curvature theories of gravity, Lovelock theory
[1] which is the most general second-order gravity theory in higher-dimensional spacetimes
has attracted a lot of attention. The action imposed in this theory is consistent with the
corrections inspired by string theory to Einstein-Hilbert action [2]. The most extensively
researches are done on Einstein-Gauss-Bonnet gravity with second-order curvature correc-
tions [3–5]. Although the Lagrangian and field equations look complicated in third-order
Lovelock gravity, there are a large number of works on introducing and discussing various
exact black hole solutions of third-order Lovelock gravity [6–8]. It is known that the second-
order Lovelock gravity admits supersymmetric extension [9], while all the higher orders of
this theory have only the necessary condition of supersymmetric extension [10]. Through-
out the recent years, most of the interesting holographic aspects of Lovelock gravity have
been studied [11]. Recently, some works have been extended to general Lovelock gravity to
investigate the solutions and their properties [12–14].
Although most of the known black hole solutions of Lovelock gravity are those with
curvature constant horizons, one may raise the question of having black hole solutions with
nonconstant curvature. Here, specially, we investigate black hole solutions with Einstein
horizon. In four dimensions, the first explicit inhomogeneous compact Einstein metric was
constructed by Page [15] and a higher-dimensional version of the method of Page was given
in [16]. Bohm constructed an infinite family of inhomogeneous metrics with positive scalar
curvature on products of spheres [17]. After that, examples in higher-dimensional spacetimes
have been worked in Refs. [18–20]. The properties of such Einstein manifolds are investigated
in five and higher dimensions in Refs. [21] and [22, 23], respectively.
In this paper we are interested in black hole solutions of third-order Lovelock gravity
whose horizons are Einstein manifolds of nonconstant curvature. In Einstein gravity, no
new solution can be obtained with nonconstant-curvature boundary. This is due to the
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fact that the Einstein equation deals with the Ricci tensor and therefore the Weyl tensor
does not appear in the field equation. On the other hand, the Riemann tensor has direct
contribution in the field equation of Lovelock gravity, and therefore the Weyl tensor appears
in the field equation of Lovelock gravity. In Ref. [24] Dotti and Gleiser obtained a condition
on an invariant built out of the Weyl tensor in Gauss-Bonnet gravity when the horizon
is an Einstein manifold. This constraint appears in the metric and consequently changes
the properties of the spacetime. The properties of such static and dynamical solutions in
Einstein-Gauss-Bonnet (EGB) gravity have been investigated in [25]. Also the magnetic
black hole that has space with such specific condition was obtained in [26]. While the
base manifold of black hole solutions in EGB gravity with a generic value of the coupling
constant must be necessarily Einstein, the boundary admits a wider class of geometries in the
special case when the coupling constant is such that the theory admits a unique maximally
symmetric solution [27]. The Birkhoff’s theorem in six-dimensional EGB gravity for the case
of nonconstant-curvature horizons with various features has been investigated in [28]. In Ref.
[29], it is shown that the horizons of black holes of Lovelock gravity in the Chern-Simons
case [30] in odd dimensions are not restricted. Some specific examples of black holes of
Lovelock-Born-Infeld gravity [30] with non-Einstein horizons in even dimensions were found
in [31]. In Ref. [32], it is shown that the base manifolds of these black hole solutions possess
more than one curvature scale provided avoiding tensor restrictions on the base manifold
and allowing at most a reduced set of scalar constraints on it. While all the Lovelock
coefficients in Lovelock-Chern-Simons and Lovelock-Born-Infeld gravity are given in term of
the cosmological constant, here we do not impose any condition on the coupling constants
of Lovelock gravity and generalize the idea of Ref. [24] to the case of third-order Lovelock
gravity with arbitrary Lovelock coefficients. That is, we like to obtain the black hole solutions
of third-order Lovelock gravity with arbitrary coupling constants and nonconstant-curvature
horizons. We predict that the appearing higher-curvature terms in third-order Lovelock
gravity, even more sharply, may cause novel changes in the properties of the spacetime.
This is the motivation for obtaining new black hole solutions in third-order Lovelock gravity
with nonconstant-curvature horizons and investigating their thermodynamic properties.
The paper is organized as follows. In the following section we begin with a brief review of
the field equation in third-order Lovelock gravity and obtain the equations getting use of the
expressions in warped geometry for our spacetime ansatz. In Sec. III we obtain the black hole
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solutions and discuss their properties. In Sec. IV, we calculate the thermodynamic quantities
of the solutions and investigate the first law of thermodynamics. Section V is devoted to
the analysis of local and global stabilities by considering the variation of temperature versus
entropy and the free energy for the special case of κ = 0. We finish our paper with some
concluding remarks.
II. FIELD EQUATIONS
The most fundamental assumption in standard general relativity is the requirement that
the field equations should be generally covariant and contain at most a second-order deriva-
tive of the metric. Based on this principle, the most general classical theory of gravitation
in n dimensions is Lovelock gravity [1]. The Lovelock equation up to third-order terms in
vacuum may be written as
Gµν ≡ −Λgµν +G(1)µν +
3∑
p=2
αi
(
H(p)µν −
1
2
gµνL(p)
)
= 0, (1)
where Λ is the cosmological constant, αp’s are Lovelock coefficients,G
(1)
µν is just the Einstein
tensor, L(2) = RµνγδRµνγδ − 4RµνRµν +R2 is the Gauss-Bonnet Lagrangian,
L(3) = 2RµνσκRσκρτRρτµν + 8RµνσρRσκντRρτµκ + 24RµνσκRσκνρRρµ
+3RRµνσκRσκµν + 24R
µνσκRσµRκν + 16R
µνRνσR
σ
µ − 12RRµνRµν +R3 (2)
is the third-order Lovelock Lagrangian, and H
(2)
µν and H
(3)
µν are
H(2)µν = 2(RµσκτR
σκτ
ν − 2RµρνσRρσ − 2RµσRσν +RRµν), (3)
H(3)µν = −3(4RτρσκRσκλρRλντµ − 8RτρλσRσκτµRλνρκ + 2R τσκν RσκλρRλρτµ
−RτρσκRσκτρRνµ + 8RτνσρRσκτµRρκ + 8RσντκRτρσµRκρ
+4R τσκν RσκµρR
ρ
τ − 4R τσκν RσκτρRρµ + 4RτρσκRσκτµRνρ + 2RR κτρν Rτρκµ
+8RτνµρR
ρ
σR
σ
τ − 8RσντρRτσRρµ − 8RτρσµRστRνρ
−4RRτνµρRρτ + 4RτρRρτRνµ − 8RτνRτρRρµ + 4RRνρRρµ − R2Rµν), (4)
respectively.
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We take the n-dimensional manifold Mn to be a warped product of a two-dimensional
Riemannian submanifold M2 with the following line element
ds2 = −f(r)dt2 + g(r)dr2. (5)
and an (n− 2)-dimensional submanifold K(n−2) with the metric
ds2 = r2γij(z)dz
idzj . (6)
We assume the submanifold K(n−2) with the unit metric γij to be an Einstein manifold with
nonconstant curvature and volume Vn−2, where i, j = 2...n− 1. We use tilde for the tensor
components of the submanifold K(n−2) through the paper. The Ricci tensor, Ricci scalar
and Einstein tensor of the Einstein manifold K(n−2) are
R˜ij = κ(n− 3)γij, R˜ = κ(n− 2)(n− 3), (7)
G˜ij = κ(n− 3)
(
1− n− 2
2
)
γij, (8)
respectively. It is worth mentioning that Einstein metrics are vacuum solutions of Einstein’s
theory of gravity only in three and four dimensions. The Riemann tensor of the Einstein
manifolds should satisfy
R˜ij
kl = C˜ ij
kl + κ(δi
kδj
l − δilδjk) (9)
with κ being the sectional curvature and C˜ ij
kl is the Weyl tensor of K(n−2). Using the
expressions in warped geometry, the sectional components of the field equation (1) are
calculated to be
Gji =
2αˆ2C˜
nl
ki C˜
kj
nl
r4
− 3αˆ3(4C˜
nmklC˜klpmC˜
pj
ni − 8C˜nmpk C˜klniC˜pjml + 2C˜jnklC˜klpmC˜pmni )
2r6
, (i 6= j)
(10)
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Gii =
(n− 2)
4g4f 2r5
{2fgr[r4g2 + 2αˆ2r2(kg − 1)g + αˆ3(kg − 1)2]f ′′ − gr[r4g2 + 2αˆ2r2(kg − 1)g
+αˆ3(kg − 1)2]f ′2 − f [((r4 + 2kαˆ2r2 + αˆ3)g2 + (−6αˆ2r2 − 6kαˆ3)g + 5αˆ3)rg′
−g(2(n− 3)r4g2 + 4(n− 5)αˆ2r2(kg − 1)g + 2(n− 7)αˆ3(kg − 1)2)]f ′ − 2(n− 3)
[g′(r4g2 + 2gαˆ2
n− 5
n− 3r
2(kg − 1) + n− 7
n− 3αˆ3(kg − 1)
2) + (n− 4)g(kg − 1)
(r3g2 +
n− 5
10
αˆ2r(kg − 1)g + n− 8
n(n− 4) αˆ3r
(8−n)(kg − 1)2)]f 2}
−
{
(n− 1)(n− 2)αˆ0
2
+
αˆ2C˜
ln
kmC˜
km
ln
2r4
− αˆ3(C˜
nqklC˜klpmC˜
pm
nq + 4C˜
nm
pk C˜
kl
nrC˜
pr
ml)
r6
}
+
2αˆ2
∑
kln C˜
ln
ki C˜
ki
ln
r4
+
8αˆ3
∑
klmnp(C˜
inklC˜klpmC˜
pm
in + 4C˜
nm
pk C˜
kl
niC˜
pi
ml)
r6
; no sum on i,
where αˆp are defined as αˆ0 ≡ −2Λ/(n − 1)(n − 2), αˆ2 ≡ (n − 3)(n − 4)α2 and αˆ3 ≡
(n − 3)!α3/(n − 7)! for simplicity. In vacuum, Gji = 0 and Gii − Gjj = 0 and therefore one
obtains the following constraints on the Weyl tensor:
0 =
2αˆ2C˜
nl
ki C˜
kj
nl
r4
− 3αˆ3(2C˜
nmklC˜klpmC˜
pj
ni − 4C˜nmpk C˜klniC˜pjml + C˜jnklC˜klpmC˜pmni )
r6
, (i 6= j) (11)
C˜nlki C˜
kj
nl =
1
n
δi
jC˜pqkmC˜
km
pq ≡ η2δij, (12)
2(4C˜nmpk C˜
kl
niC˜
pj
ml + C˜
pm
in C˜
jnklC˜klpm)
=
2
n
δi
j
(
4C˜qmpk C˜
kl
qrC˜
pr
ml + C˜
pm
qr C˜
qrklC˜klpm
)
≡ η3δij. (13)
Here, we pause to add some comments about the expected patterns of conditions in kth-
order Lovelock gravity. Comparing conditions (12) and (13) with the second- and third-order
Lovelock Lagrangians, respectively and using the expression of Lovelock Lagrangian [1], one
may expect that the conditions on the Weyl tensor of base manifold are:
δ
i1i2...i2p−1i2p
j1j2...j2p−1j2p
C˜j1j2i1i2 ...C˜
j2p−1j2p
i2p−1i2p
∝ ηp, p = 2...k. (14)
Of course, one should note that C˜ ikjk = C˜
ij
ij = 0. For instance, the only term in the Gauss-
Bonnet Lagrangian which is nonzero is C˜nlki C˜
kj
nl and the nonvanishing part of the third-order
Lovelock is 8C˜qmpk C˜
kl
qrC˜
pr
ml + 2C˜
pm
qr C˜
qrklC˜klpm.
6
Getting use of these definitions, the tt and rr components of field equation (1) in vacuum
reduce to
0 = Gtt = (n− 2)
2r6g4
{[r4g2 + 3αˆ3ηˆ2g2 + 2αˆ2r2(kg − 1)g + 3αˆ3(kg − 1)2]rg′ + (kg − 1)[(n− 3)r4g2
+3(n− 7)αˆ3ηˆ2g2 + (n− 5)αˆ2r2(kg − 1)g + (n− 7)αˆ3(kg − 1)2]g
+
(
(n− 1)αˆ0 + (n− 5)αˆ2ηˆ2
r4
+
(n− 7)αˆ3ηˆ3
r6
)
r6g4}, (15)
0 = Grr = (n− 2)
2r6fg3
{[r4g2 + 3αˆ3ηˆ2g2 + 2αˆ2r2(kg − 1)g + 3αˆ3(kg − 1)2]rf ′ − (kg − 1)[(n− 3)r4g2
+3(n− 7)αˆ3ηˆ2g2 + (n− 5)αˆ2r2(kg − 1)g + (n− 7)αˆ3(kg − 1)2]f
+
(
(n− 1)αˆ0 + αˆ2(n− 5)ηˆ2
r4
+
(n− 7)αˆ3ηˆ
r6
)
r6g4}, (16)
where we have used the definition ηˆ2 = (n − 6)!η2/(n − 2)! and ηˆ3 = (n − 8)!η3/(n − 2)!
for simplicity. It is notable to mention that for these kinds of Einstein metrics ηˆ2 is always
positive, but ηˆ3 can be positive or negative relating to the metric of the spacetime. As
an example, the manifolds that are cross-products of p (p ≥ 3) of two-hyperbola (H2)
are Einstein manifolds with negative ηˆ3. The vacuum equation Gtt − Grr = 0 implies that
d(fg)/dr = 0, and therefore one can take g(r) = 1/f(r) by rescaling the time coordinate t.
Introducing
ψ(r) =
κ− f(r)
r2
, (17)
we find that the remaining equations admit a solution if ηˆ2 and ηˆ3 defined in Eqs. (12) and
(13) are constant and ψ(r) satisfies{
rn−1
[
αˆ3ψ
3 + αˆ2ψ
2 +
(
1 +
3αˆ3ηˆ2
r4
)
ψ + αˆ0 +
αˆ2ηˆ2
r4
+
αˆ3ηˆ3
r6
]}
′
= 0.
Integrating the above equation, one obtains
(
1 +
3αˆ3ηˆ2
r4
)
ψ + αˆ2ψ
2 + αˆ3ψ
3 + αˆ0 +
αˆ2ηˆ2
r4
+
αˆ3ηˆ3
r6
− m
rn−1
= 0, (18)
where m is the integration constant known as the mass parameter. One may note that Eq.
(18) reduces to the algebraic equation of Lovelock gravity for constant-curvature horizon
when ηˆ2 = ηˆ3 = 0.
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The mass density, the mass per unit volume Vn−2, associated to the spacetime may be
written as
M =
(n− 2)rn−1h
16pi
{
αˆ0 +
κ
r2h
+
αˆ2
r4h
(κ2 + ηˆ2) +
αˆ3
r6h
(κ3 + 3κηˆ2 + ηˆ3)
}
. (19)
III. BLACK HOLE SOLUTIONS
One may note that in order to have the effects of nonconstancy of the curvature of the
horizon in third-order Lovelock gravity, n should be larger than 7. This can be seen in the
definition of ηˆ3, which is zero for n ≤ 7. A general solution of this equation can be written
as
f(r) = κ+
αˆ2r
2
3αˆ3
{
1 +
(
j(r)±
√
h+ j2(r)
)1/3
− h1/3
(
j(r)±
√
h + j2(r)
)
−1/3
}
,
j(r) = 1− 9αˆ3
2αˆ22
+
27αˆ23
2αˆ32
(
αˆ0 − m
rn−1
+
αˆ3ηˆ3
r6
)
,
h =
(
−1 + 3αˆ3
αˆ22
+
9αˆ23ηˆ2
αˆ22r
4
)3
, (20)
These are the most general solutions of the third-order Lovelock equation in vacuum with
the conditions (12) and (13) on their boundaries K(n−2).
First, we investigate the asymptotic behavior of this solution. The asymptotic behavior
of the solutions is the same as those with constant-curvature horizons. This is due to the
fact that Eq. (18) at very large r reduces to
αˆ3ψ
3
∞
+ αˆ2ψ
2
∞
+ ψ∞ + αˆ0 = 0, (21)
which is exactly the same as third-order Lovelock or quasitopological cubic gravity [37].
One may note that in the absence of the cosmological constant (αˆ0 = 0), the solution is
asymptotically flat provided κ = 1. This can be noted by considering Eq. (21) which has
a zero root for αˆ0 = 0. For αˆ0 = 1, the solution is asymptotically AdS if Eq. (21) has
positive real roots. For more details on the asymptotic behavior see [37]. As in the case of
black hole solutions wdith constant-curvature horizon, the Kretschmann scalar RµνρσR
µνρσ
diverges at r = 0. Since the dominant term as r goes to zero is m/rn−1 for n > 7, as in the
case of third-order Lovelock gravity with constant-curvature horizon, there is an essential
singularity located at r = 0 which is spacelike. Note that the radius of horizon is given by
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the largest real root of
αˆ0r
n−1
h + κr
n−3
h + αˆ2(κ
2 + ηˆ2)r
n−5
h + αˆ3(κ
zz3 + 3κηˆ2 + ηˆ3)r
n−7
h −m = 0, (22)
where rh is the radius of horizon.
Here, we pause to give a few comments on the differences of the solutions of third-order
Lovelock gravity with constant and nonconstant-curvature horizons. While the solutions of
third order Lovelock gravity with constant curvature horizon and m = 0 is the AdS metric
with no horizon, the solutions of Lovelock gravity with nonconstant-curvature horizon and
m = 0 are only asymptotically AdS and may have horizon. This is due to the fact that ηˆ3
can be negative and therefore Eq. (22) can have a real positive root. Moreover, in third-
order Lovelock gravity with constant- curvature horizon h can be zero for αˆ3 = αˆ
2
2/3 and
therefore the solution may be written in the simpler form:
f(r) = κ+
r2
αˆ2
{
1− [2j(r)]1/3} ,
j(r) = −1
2
+
3αˆ2
2
(
αˆ0 − m
rn−1
)
, (23)
while for the case of nonconstant curvature, h cannot be zero and therefore we cannot have
this special kind of solution.
IV. THERMODYNAMICS OF THE BLACK HOLE SOLUTIONS
Using the relation between the temperature and surface gravity, the Hawking temperature
of the black hole is obtained to be
T =
f ′(rh)
4pi
=
(n− 1)r6hαˆ0 + (n− 3)κr4h + (n− 5)αˆ2(ηˆ2 + κ2)r2h + (n− 7)αˆ3(ηˆ3 + 3κηˆ2 + κ3)
4pirh[r
4
h + 2καˆ2r
2
h + 3αˆ3(ηˆ2 + κ
2)]
.
(24)
Due to the fact that ηˆ3 can be negative, it is apparent from Eq. (24) that a degenerate Killing
horizon can exist for κ ≥ 0 and therefore one may have an extreme black hole. This feature
does not happen for the solutions of third-order Lovelock gravity with constant-curvature
horizons [33] or second-order Lovelock gravity with constant or nonconstant- curvature hori-
zons [25].
In higher curvature gravity the area law of entropy, which states that the black hole
entropy equals one-quarter of the horizon area [34], is not satisfied [35]. One approach to
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calculate the entropy is through the use of the Wald prescription which is applicable for any
black hole solution whose event horizon is a Killing one [36]. The Wald entropy may be
written as
S = −2pi
∮
dn−2x
√
γ
3∑
p=1
Yp, Yp = Y
µνρσ
p εˆµν εˆρσ, Y
µνρσ
p =
∂L(p)
∂Rµνρσ
, (25)
where εˆµν is the binormal to the horizon and L(p) is the pth-order Lovelock Lagrangian.
Following the given description, Y1 and Y2 are [37]
Y1 = − 1
8pi
(26)
Y2 = − αˆ2
4pi
[R − 2(Rtt +Rrr) + 2Rtrtr] (27)
Also we calculate Y3 to be
Y3 = −3αˆ3
4pi
{−12(RtmtnRrnrm − RtmrnRrmtn) + 12RtrmnRtrmn − 24[RtrtmRrm −RtrrmRtm
+
1
4
(RmnprR
mnpr +RmnptR
mnpt)] + 3(2RRtrtr +
1
2
RmnpqR
mnpq)
+12(RttR
r
r − RtrRrt +RrmrnRmn +RtmtnRmn) + 12(RrmRrm +RtmRtm)
−6[RmnRmn +R(Rrr +Rtt)] + 3
2
R2}. (28)
Using Eq. (9), one can calculate the entropy density for nonconstant-curvature manifold in
third-order Lovelock gravity to be
S = −2pi{Y1 + Y2 + Y3} = r
n−2
h
4
{
1 +
2καˆ2(n− 2)
r2h(n− 4)
+
3αˆ3(n− 2)(ηˆ2 + κ2)
r4h(n− 6)
}
. (29)
We see that ηˆ2 appears in the entropy and therefore the the nonconstancy of the horizon
affects the entropy of the black hole. This does not happen for the Gauss-Bonnet solution.
One should notice that the entropy calculated in Eq. (29) could also be obtained using the
relation
S =
1
4
p∑
q=1
pαˆp
∫
dn−2x
√
γL˜(p−1) (30)
introduced in [38], where γ is the determinant of induced metric and L˜(p) is the pth-order
Lovelock Lagrangian of the metric γij. Getting use of Eqs. (19), (24) and (29), we obtain
∂M = T∂S and therefore the first law of black hole thermodynamics is satisfied.
10
–5
–4
–3
–2
–1
0
1
2
–1 1 2 3
FIG. 1: The temperature versus horizon radius in logarithmic scale for n = 8, αˆ0 = 1, αˆ2 = 0.2,
αˆ3 = 0.05, ηˆ2 = 0.5 and ηˆ3 = −0.2.
V. STABILITY OF BLACK HOLES WITH κ = 0
It is known that the black holes of Lovelock gravity with zero curvature horizon are
stable [33]. Here, we investigate the stability of black holes of Lovelock gravity with
nonconstant-curvature horizons and give some special features of κ = 0 black hole solutions
with non-constant curvature horizon, which are drastically different from κ = 0 solutions
with constant-curvature horizon. In the case of κ = 0, the entropy density of the black hole
reduces to
S0 =
rn−2h
4
{
1 +
3αˆ3(n− 2)ηˆ2
r4h(n− 6)
}
. (31)
Since ηˆ2 6= 0, the black holes with nonconstant-curvature horizon do not obey the area law
of entropy, while the entropy of κ = 0 black holes with constant-curvature horizon obey the
area law. The temperature of such a black hole is
T0 =
(n− 1)r6hαˆ0 + (n− 5)αˆ2ηˆ2r2h + (n− 7)αˆ3ηˆ3
4pirh(r
4
h + 3αˆ3ηˆ2)
, (32)
where αˆ0 = 1 and 0 for asymptotically AdS and flat solutions, respectively. It is worth
noting that for ηˆ3 = ηˆ3ext:
ηˆ3ext = −(n− 1)r
6
hαˆ0 + (n− 5)αˆ2ηˆ2r2h
(n− 7)αˆ3
the temperature can be zero, and therefore in contrast to the case of κ = 0 of Lovelock black
holes, extreme black holes may exist. This can be seen in Fig. 1.
The local stability of a thermodynamic system may be performed by analyzing the curve
of T versus S. Figure 2 depicts log T versus logS and shows that small black holes are
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FIG. 2: The temperature versus entropy in logarithmic scale for n = 8, αˆ0 = 1, αˆ2 = 0.2 and
αˆ3 = 0.05 with ηˆ2 = 0.5 and ηˆ3 = 0.1 (line), and ηˆ2 = ηˆ3 = 0 (dotted).
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FIG. 3: 10−2dT/dS (line) and 106F (dotted) versus rh for n = 8, αˆ0 = 1, αˆ2 = 0.2, αˆ3 = 0.05,
ηˆ2 = 0.5 and ηˆ3 = 0.006.
unstable for positive ηˆ3 > ηˆ3ext, while the very large black holes with nonconstant- curvature
horizon are the same as black holes with constant curvature. To analyze the global stabil-
ity, we should check the free energy of the black hole which is defined by F ≡ M − TS,
whereby negative value ensures global stability [39]. Substituting the expressions for mass,
temperature and entropy from Eqs. (19), (32) and (31), one can perform the analysis of
global stability. We plot the free energy versus the radius of black holes for ηˆ3 > ηˆ3ext in
Fig. 3 which shows that small black holes are unstable both locally and globally, while there
are medium black holes which may be locally stable, but they are globally unstable. So, in
contrast to the case of κ = 0 black holes with constant-curvature horizon which are stable
[33], the black hole solutions here may have unstable phases both locally and globally.
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VI. CONCLUDING REMARKS
In this paper, we assumed that the n-dimensional spacetime is a cross product of the
two-dimensional Lorentzian spacetime and an (n − 2)-dimensional nonconstant space. We
found that the nontrivial Weyl tensor of such exotic horizons is exposed to the bulk dy-
namics through the higher- order Lovelock terms, severely constraining the allowed horizon
geometries and adding a novel chargelike parameter to the black hole potential. Indeed,
we found that the third-order Lovelock gravity can have a new class of black hole solutions
with nonconstant-curvature horizons provided one imposes two conditions on the Weyl ten-
sor. The first condition is the one which has been introduced by Dotti and Gleiser [24] in
Gauss-Bonnet gravity, while the second one is an additional condition involving the Weyl
tensor of the horizon manifold with the advantage of higher curvature terms appearing in
third-order Lovelock equations. This leads to a new class of static asymptotically flat and
(A)dS black hole solutions. It is worth comparing our result with the already existing results
in the literature. First, while in EGB gravity with an arbitrary Gauss-Bonnet coefficient
only one condition is imposed on the Weyl tensor of Einstein horizon [24], here we faced
with two conditions on the Weyl tensor of Einstein horizon. Second, as in the case of Gauss-
Bonnet gravity with an arbitrary coupling constant we found that the horizon should be
an Einstein manifold. However, for the cases when there is a unique maximally symmetric
solution, the base manifold acquires more freedom [27–29, 31, 32]. Third, while only one
parameter appears in the solutions of Lovelock gravity in the Chern-Simons case [29] or
third- and higher-order Lovelock Born-Infeld gravity [31, 32], here we encountered with two
new different chargelike parameters ηˆ2 and ηˆ3. Thus, one may expect that in the case of
Lovelock gravity with arbitrary Lovelock coefficients the number of charge-like parameters
ηˆp’s will increase as the order of Lovelock gravity becomes larger.
The thermodynamics of these black hole solutions have been investigated by calculating
the temperature and the entropy through the use of the Wald formula. We found that the
thermodynamic quantities satisfy the first law of thermodynamics. In contrast to the black
holes of Lovelock gravity with constant curvature horizons, we found that there may exist
extreme black holes with nonconstant-curvature horizon. We also found that the effect of
the Weyl tensor in the metric and the expressions for temperature and entropy, lead to new
features of the solutions that do not appear for the solutions of second-order Lovelock grav-
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ity with nonconstant-curvature horizons or in higher-order Lovelock gravity with constant-
curvature ones. In order to show the main differences of black holes with constant- and
nonconstant-curvature horizons, we went through the details of thermodynamics and stabil-
ity analysis of black holes with κ = 0. First, we found that the entropy does not obey the
area law as a consequence of ηˆ2 appearing in the entropy expression. Second, we found that
there may exist extreme black hole. Moreover, black holes with nonconstant-curvature hori-
zons have an unstable phase both locally and globally, while those with constant-curvature
horizons are stable both locally and globally [33]. But, it is worth mentioning that very large
black holes with constant- and nonconstant-curvature horizons have the same features.
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